This paper formulates two groups of multiperiod production and ordering models with call and bidirectional option contracts for a two-party supply chain consisting of one followed supplier and one dominant retailer, respectively. Based on dynamic programming theory, we characterize the optimal policy structures for two partners in each period. We also provide an approximation for the corresponding policy parameters evaluation in two cases. Then, we investigate the impacts of different option contracts and the demand risk on the decisions and performances of two members. Our results suggest that, whether concerning call or bidirectional option contracts, the optimal policies for two members always follow a base stock type. When the price parameters are the same for different option contracts, the service levels of both the system and the retailer are higher with call option contracts than with bidirectional ones, whereas the retailer's inventory risk is lower with bidirectional option contracts than with call ones. Under the same conditions stated above, call option contracts can always benefit the supplier, but not the retailer. Owing to the retailer's dominant position, call option contracts are better choice for the supply chain if the option (exercise) price is low (high), while bidirectional option contracts are more suitable choice for the supply chain if the option (exercise) price is high (low). In addition, an increase in the demand risk would prompt the supplier to increase his production quantity and the retailer to reduce the initial firm order quantity, either with call or bidirectional option contracts.
Introduction
The past several decades saw the emergence of the dominant retailers, who turn into the major and largest distributors of the suppliers. For example, in the retailing industry, a double-digit percentage of total sales for large-scale producers including P&G and Tandy are conducted through Walmart, one of the largest supermarkets [1, 2] . In the Chinese consumer electronics market, Gome and Suning, two leading companies, have accounted for a growing proportion of sales volume after experiencing an unprecedented development [3] . This phenomenon suggests that the bargaining power is shifting into the downstream. For this reason, the vulnerable suppliers are often coerced to make concessions such as the price dropping and the delivery time reduction to the dominant retailers [4] . The transfer of the leadership deeply affects the decision-making of the players, which differs from the situation with dominant suppliers [5, 6] . Thereby, it has become a significant research field against the background of increasing practical and academic concerns about the retailer-led supply chain.
In many practical settings, there is a usual phenomenon that the sales season experiences multiple periods, even for the perishable products [7] . This phenomenon indicates that the decision-making problems are often characterized by a multiperiodic structure. Different from the single-period model, the correlation between two successive decisions cannot be neglected in the multiperiod model. As the planning horizon is divided into larger numbers of conjoint periods, the optimization process is more and more sophisticated. In recent years, the multiperiod inventory problem for one single firm has gradually become a hot topic, thereby attracting extensive interest of researchers [8] [9] [10] . However, very few papers (e.g., [11] ) have discussed the related problem from the 2 Mathematical Problems in Engineering perspective of the chain. So far, the retailer-led supply chain management has often been discussed in the single-period setting. However, the multiperiod situation has never been considered. A proper balance between realism and model is struck by this setting.
The implementation of the contract mechanism is a crucial measure to strongly support the efficient operation of the retailer-led supply chain. Owing to the flexibility and risk-sharing attribute, option contracts, originated from financial derivatives, have attracted considerable attention in supply chain management research. In practice, option purchasing practice has been widely applied in various industries such as fresh food, fashion apparel, and electronics. For example, option contracts have been aggressively applied by Hewlett-Packard for 35% of procurement value [12] . In China, flower options have been launched by flower operation firms to the global customers [13] . In generally, there is a variety of different categories in option contracts. One of the most popular types is call option contracts and the other is bidirectional option contracts. For the dominant retailer, the flexibility of adjusting the inventory level upwards is provided by call option contracts while the two-way flexibility is provided by bidirectional option contracts. For the followed supplier, whether concerning call or bidirectional option contracts, partial incomes can be obtained in advance through the sales of the options so that he can arrange the production more rationally. Interestingly, there is an apparent difference relative to the impact of different option contracts on the decisions and performances of the members in the retailer-led supply chain. However, so far, the single-period problem has been unaddressed and let alone discussing the multiperiod problem.
This research is very interesting in that it deals with the multiperiod production and ordering problem for a retailerled supply chain with call and bidirectional option contracts, respectively. As shown in Section 2, a fair amount of studies on the multiperiod inventory problem for one single firm and the single-period retailer-led supply chain have been reported over the past decade. It is also well known that option contracts indeed contribute significant benefit to the efficient operation of the single-period supplier-led supply chain. However, so far, few studies have developed the multiperiod decision-making models for the supply chain with a dominant retailer and option contracts. Less frequently, the researchers have looked at the impact of different option contracts on the multiperiod retailer-led supply chain. To fulfill this gap, this paper deals with several crucial questions as follows:
(1) What is the optimal production policy for the followed supplier in the multiperiod setting, either with call or bidirectional option contracts? (2) What is the optimal ordering policy for the dominant supplier in the multiperiod setting, either with call or bidirectional option contracts? (3) How to develop an approximate algorithm to evaluate the policy parameters, either with call or bidirectional option contracts? (4) What effect do different option contracts have on decisions and performances of the members in the retailerled supply chain? (5) How does the demand risk influences the decisions and performances of the members in the retailer-led supply chain, either with call or bidirectional option contracts?
To answer these above questions, given the dynamic game between the members in the retailer-led supply chain, we formulate two groups of optimality equation for the followed supplier and the dominant retailer with call and bidirectional option contracts, respectively. Based on stochastic dynamic programming, we characterize the optimal policy structures for two members in each period. Then, we provide an approximate algorithm to evaluate the corresponding policy parameters in two cases. Specifically, we explore the impact of different option contracts and the impact of demand risk on the decisions and performances of two members.
The contribution of our research is twofold. The first part formulates two groups of the multiperiod productioninventory models for a two-stage supply chain under two different option contracts, where the retailer is the leader and the supplier is the follower. It is distinctly different from most current research relative to the multiperiod inventory problem for a single company by analyzing the operational strategies of two members in the supply chain. Besides that, our research extends the existing literature on the singleperiod supply chain either with a dominant retailer or option contracts by looking at the multiperiod situation. In the second part, a fair comparison is conducted to obtain more meaningful findings relative to the role of different option contracts in the decisions and performances of the members in the retailer-led supply chain under the multiperiod situation. This complements the current research that often takes only one type of option contracts into account. A more comprehensive research system has been developed in our paper.
We organize the remainder of this paper as follows: After reviewing the related literature in Section 2, problem description is provided in Section 3. Two groups of multiperiod models for the production and ordering with call and bidirectional option contracts are formulated in Sections 4 and 5, respectively. We explore the role of different option contracts in and the impact of demand risk on the decisions and performances of both partners in Section 6. Finally, we conclude the findings and provide some future work in Section 7.
Literature Review
The literature reviewed here is primarily presented in three important streams: (1) multiperiod inventory model, (2) the retailer-Stackelberg game model, and (3) option contracts in supply chain management.
Recently, the multiperiod inventory problem has successfully drawn the attention of more and more researchers. Chao et al. [14] analyze the joint ordering and pricing policies for a multiperiod inventory that faces price-sensitive demand and stochastic supply capacity. Chen et al. [9] characterize the optimal policy structure for a period-review inventory with and without fixed order costs, where demand is dependent on the inventory level and the shortage is satisfied by the emergency replenishment. By using # -convexity approach, Chen et al. [15] consider the combined pricing and inventory problem for a multiperiod inventory with linear ordering cost and price-sensitive demand. Yang et al. [16] formulate the multiperiod model for a periodic-review inventory, where the additive demand function, fixed ordering cost, and price adjustment cost are considered. By incorporating customer behavior and reference price, Song et al. [17] identify optimal pricing and inventory decisions for a multiperiod system. All these above papers mainly focus on the multiperiod decisionmaking from the perspective of one single firm. So far, very few studies (e.g., [11] ) have been carried out from the perspective of the chain. By using game theoretic approach, they analyze the multiperiod production and ordering problem with a dominant supplier and without option contracts.
In practice, the members in the supply chain usually have different bargaining powers. Power structure plays an important role in the decision-making process, consequently affecting the participant's profit margin [18] . Game theory is the most applicable approach to model the relationships between the members in the supply chain [19, 20] . When the supplier is more powerful than the retailer, the resulting game is called the supplier-Stackelberg game [21] . Sometimes, the supplier and the retailer have the same power and they play a vertical Nash game [22] . When the retailer is in a stronger competitive position, the retailer needs the best response of the supplier and the members play the retailerStackelberg game [23] . Because our focal point is on the case with the dominant retailer, this paper focuses on the retailerStackelberg game.
In the past two decades, there were a great number of papers on the retailer-Stackelberg game model. For example, Raju and Zhang [24] demonstrate that quantity discount scheme and two-part tariff scheme cannot be served as effective mechanisms to coordinate the retailer-led supply chain with considering fixed advertising service costs. Geylani et al. [25] investigate how a manufacturer sets a higher wholesale price for the weak retailer in order to respond strategically to the dominant retailer. Almehdawe and Mantin [26] consider the profit maximization problems for a VMI supply chain consisting of one manufacturer and multiple retailers. They consider two different systems: one is controlled by the manufacturer and the other is dominated by one of the retailers. Li et al. [27] design revenue-sharing contracts to coordinate a supply chain controlled by a dominant retailer and explore how the coordination mechanism is influenced after demand disruption. By applying Stackelberg game theoretic approach, Taleizadeh and Noori-Daryan [28] explore the optimal pricing, manufacturing, and inventory policies for a three-level supply chain including a supplier, a producer, and some retailers, where the retailers and the producer act as the leaders in the first and second stages, the demand is sensitive to the price, and the shortage is not permitted. Noori-daryan et al. [20] analyze the combined pricing and replenishment problem for a supply chain consisting of one manufacturer and multiple retailers under blend usage of quantity and freight discount contracts and free shipping contracts, in which the retailers act as the leader, different transportation modes are considered, and the transportation capacity is limited. More related studies can be found in Taleizadeh et al. [29] and so on. From the above literature, we realize that the problem on the retailer-led supply chain can be analyzed from different perspectives. However, all of these above papers focus mainly on the single-period situation. To the best of our knowledge, there are no relevant studies involving the multiperiod retailer-led supply chain management.
Over the past decade, there were plenty of literature sources involving option contracts in supply chain management. The paper written by Barnes-Schuster et al. [30] has been recognized as the first research that introduces option contracts into the supply chain field. They analyze the ordering, production, and coordination problem for a twoperiod supply chain, where demands across two periods are correlated. Since then, this topic is increasingly popular and attracts substantial attention. Early related research mainly focuses on call option contracts, which offer the right of reserving some units of the extra goods. A great number of typical studies explore the role of call option contracts on the supply chain from different perspectives such as demand information updating [31] , service level constraint [12] , capital constraint [32] , decision preference [33] , and random yield [34, 35] . Another type is known as put option contracts, which offer the right of returning some units of the ordered goods. So far, only a few papers have involved this research field. Chen and Parlar [36] consider the role of put option contracts in the replenishment policy of a risk-aversion newsvendor. Xue et al. [37] apply the CVaR downside risk measure to explore the optimal ordering policy for a newsvendor with put option contracts. Wang and Chen [38] analyze the joint ordering and price problem for a newsvendor that faces the additive demand in the presence of put option contracts. Recently, several studies have started paying close attention to bidirectional option contracts, which allow for adjusting the retailer's inventory in two directions. Wang and Tsao [39] study the buyer's optimal ordering policy with bidirectional option contracts, where the demand is assumed to be uniformly distributed. As an extension of Wang and Tsao [39] , Zhao et al. [40] consider the ordering and coordination problem of a supply chain that faces stochastic demand in the presence of bidirectional option contracts. Chen et al. [42] study the impact of bidirectional option contracts and service level constraints on the decisions and performances of a supplier-retailer supply chain.
In recent years, there are a few existing literature sources relative to different option contracts simultaneously. Liu et al. [43] analyze the optimal solution for the carrier with call, put, and bidirectional option contracts and then discuss the application strategies of different option contract. Nosoohi and Nookabadi [44] consider the outsourcing decisions with call, put, and bidirectional option contracts for the manufacturer who faces stochastic finial processing cost. They highlight the advantage of option contracts over wholesale price contracts. At the same time, they also analyze the impact of different option contracts on the manufacturer. Wan and Chen [45] explore the role of call, put, and bidirectional option contracts in the decisions and performances of a supply chain in an inflationary setting. Li et al. [46] develop the production and ordering models for seasonal product supply chain with call and bidirectional option contracts when the demand and production yield are stochastic. However, most of the above papers relative to option contracts, whether concerning one single firm or the whole chain, only consider the single-period situation while neglecting the multiperiod situation.
Wang and Liu [4] have conducted the research that is the closest to our work. In their paper, the single-period production and ordering decisions for two members are analyzed under blend usage of wholesale price contracts and call option contracts, also based on the assumption that the market dominant position has been occupied by the retailer. There exist several noticeable distinctions between their paper and ours. First, their study only considers the single-period situation. However, our work directly extends theirs by considering the multiperiod situation. Moreover, their study focuses on the case with call option contracts. However, we formulate two groups of multiperiod game theoretic models with call and bidirectional option contracts for the followed supplier and the dominant retailer, respectively. In addition, by conducting the mutual comparisons, we investigate the role of different option contracts in the decisions and performances of both partners. Finally, their paper provides the conditions on which the supply chain is coordinated. However, due to the complexity of the multiperiod optimization process, we do not discuss the Stackelberg equilibrium solution.
The brief review of the related literature is shown in Table 1 .
Problem Description
Consider a two-party supply chain where one supplier and one retailer are the members. The supplier manufactures the goods and distributes them via the retailer to the end customers. The retailer is more powerful and acts as the leader of the market. The whole time horizon is divided into different and connected periods. The supplier needs to decide his production quantity for each period to obtain the highest profitability over multiple periods. The retailer needs to decide her order quantity for each period to maximize her expected total discounted profit across different periods.
In this research, two contract mechanisms, namely, call and bidirectional option contracts, are applied between the supply chain members, respectively. Call option contracts provide the retailer with the capacity of adjusting the inventory upwards. However, bidirectional option contracts provide the retailer with the capacity of adjusting the inventory either upwards or downwards. Both of them include two parameters. The option price is an upfront allowance that is paid by the retailer for purchasing one unit of option. However, the exercise price is regarded as the main difference in the price parameters of these two contracts. For call option contracts, the exercise price is the payment that is paid to the supplier for exercising one unit of option. For bidirectional option contracts, the exercise price is the payment that is paid by the retailer if the bidirectional option is exercised as the call one; otherwise, the exercise price is the refund that is claimed from the supplier if the bidirectional option is exercised as the put one.
The timeline of the decisions for the multiperiod retailerStackelberg game models with option contracts is described as follows. Before stochastic demand in each period has been observed, the retailer offers the supplier blend usage of wholesale price contracts and option contracts. Based on the negotiated parameters, an initial firm order is placed by the retailer. Upon receipt of the contract mechanism, the supplier decides the production quantity. The supplier's reservation inventory, which equals the production quantity minus the initial firm order quantity, will be purchased by the retailer as her options order. When the sales in each period begin, the initial firm order is distributed to the retailer immediately. After stochastic demand in each period has been observed, the options are exercised by the retailer based on the actual realized demand. When the sales in each period end, unsatisfied demand is backlogged and surplus goods are used for the next period. When the last period ends, the leftover owned by either the supplier or the retailer can be disposed at a unit salvaged value.
The main goal of this paper is to determine the production and ordering decisions for the followed supplier and the dominate retailer such that their objective functions are optimized. The target inventory levels after production and replenishment are the decision variables of the supplier and the retailer for the corresponding multiperiod models, respectively. Though mathematical transformations, we can derive the decisions of two members. The parameters and variables for model development are shown in Notations at the end of the paper.
In addition, the proposed model is formulated under the following assumptions:
(1) The demands in different periods are stochastic and independent.
(2) Similar to Li et al. [46] , the exercise price is assumed to be the same for the call and put option under bidirectional option contracts.
(3) − ℎ > . This condition avoids the possibility that the supplier may arbitrage with the options.
(4) + > > . This condition avoids the irrationality of call option contracts.
(5) + > > − . This condition ensures the feasibility of bidirectional option contracts.
(6) + ℎ > +1 . This condition avoids the likelihood that the supplier will deliberately manufacture more goods than necessary.
(7) + ℎ > +1 . This condition ensures that more options than necessary are never purchased by the retailer.
Throughout the paper, the subscripts " " and " " represent "supplier" and "retailer," while the subscript " " denotes one particular period over the finite time horizon. In addition, the superscripts " " and " " stand for "call" and "bidirectional option contracts." Notation + = max(0, ). 
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Model with Call Option Contracts
In this section, we deal with the multiperiod production and ordering problems for a followed supplier and a dominant retailer in the presence of call option contracts.
Supplier's Multiperiod Production Problem.
With call option contracts, the expected total discounted profit of the supplier over the entire time horizon, denoted by Π , is
In (1), − denotes the supplier's production quantity in period , − denotes the retailer's initial firm order quantity in period , and + − denotes the supplier's reservation inventory in period .
( ) denotes the supplier's profit-to-go function with call option contracts, providing his original inventory is at the beginning of period . The subscript is skipped here to avoid the possible confusion. The dynamic program for optimizing (1) can be developed as follows:
where +1 ( ) = +1 ( ≥ 0) and
Here, ( ) is the supplier's expected total discounted profit over periods , . . . , , when his initial inventory is at the beginning of period .
( ) is the supplier's expected profit with initial inventory in period .
; the recursion equations (2) and (3) are equivalently reformulated as follows:
where +1 ( ) = 0 ( ≥ 0) and
Here, ( ) is the supplier's expected total discounted profit over periods , . . . , , when his initial inventory is zero at the beginning of period . ( ) is the supplier's expected profit with zero initial inventory in period .
Based on the above analysis, Proposition 1 follows.
Proposition 1. With call option contracts, the supplier's optimal production quantity in period , denoted by
where
Proof. Equation (6) 
Mathematical Problems in Engineering 7 where * is the optimum of that maximizes ( ). Since * = * − − , we can derive the above result directly.
Proposition 1 shows that a base stock policy is optimal for the supplier's production in the framework of call option contracts. It is important to note that * , namely, the optimal base stock level, stands for the system's inventory level to be raised after the goods have been manufactured in period ; meanwhile, it also represents the retailer's inventory level to be raised after all the call options have been exercised in period . In addition, this proposition states that the supplier's decision in one particular period can be determined for the retailer's decision in that corresponding period. As shown in Proposition 1, with call option contracts the supplier operates his optimal production strategy as follows. In each period , before stochastic demand has been observed, if the larger one between the system's initial inventory ( + ) and the retailer's target inventory ( ) is at or below * , the supplier should guarantee the system's inventory level raised up to * after the goods have been produced; otherwise, more goods than the retailer's initial firm commitment cannot be produced by the supplier. The property of the threshold * is given as follows.
Corollary 2. For all = 1, . . . , , (1)
* is increasing in and ; (2) * is increasing in .
Proof. In part (1), (5) means that ( ) is supermodular with respect to and . Thus, * is an increasing function of . In addition, ( ) is also supermodular with respect to and . Thus, * is an increasing function of . Part (2) can be proved in the same approach. Here, we omit it for simplicity.
Corollary 2 shows that a higher option and/or exercise price in period will prompt the system to improve the service level in that period, as well as the retailer under the call option contract arrangement. In addition, this corollary states that the optimal base stock level * increases as the order-up-to level is raised. This result, compared with Proposition 1, provides more detailed illustration on the correlation between the decisions of the partners in one specific period.
As pointed out in Li et al. [11] and Inderfurth et al. [48] , the policy parameters are too difficult to be calculated accurately. Subsequently, a tractable approximation is provided for the solution evaluation. Denote + as the nearoptimal base stock level for the supplier as he maximizes his current expected profit while ignoring his future expected profit under the call option contract arrangement. Note that * < + . We get the following proposition. In addition to confirming the validity of Corollary 2, Proposition 3 shows the positive effect of the subsequent production cost on the current near-optimal base stock level in the presence of call option contracts, indicating the correlation between two successive periods in the multiperiod model from another perspective. In addition, more interestingly, if + ≤ , owing to the separative property of the dynamic program, ( ) can be treated as the summation of ( ) and the optimal solution of ( ) can be derived by maximizing ( ). In this case, the supplier's near-optimal base stock policy can remain optimal as the period goes by. The result is in accordance with the relative findings in Wang and Liu [4] , which focuses on the analogical problem under a single-period situation.
Retailer's Multiperiod Ordering Problem.
With call option contracts, the expected total discounted profit of the retailer over the finite time horizon, denoted by Π , is
In (9), − denotes the retailer's initial firm order quantity in period and * − denotes the supplier's reservation inventory, as the retailer's options order quantity, in period . Let ( ) be denoted as the retailer's profit-to-go function with call option contracts, providing her original inventory is at the beginning of period . The dynamic program for optimizing (9) can be developed as follows:
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Here, ( ) is the retailer's expected total discounted profit over periods , . . . , , when her initial inventory is at the beginning of period .
( ) is the retailer's expected profit with initial inventory in period .
Let ( ) = ( ) − , the following recursion equals (10) and (11):
Here, ( ) is the retailer's expected total discounted profit over periods , . . . , , when her initial inventory is zero at the beginning of period . ( ) is the retailer's expected profit with zero initial inventory in period .
Based on the above analysis, Proposition 4 follows.
Proposition 4. With call option contracts, the retailer's optimal initial firm order quantity in period , denoted by
where * ∈ arg max { ( )}.
Proof. Equation (14) 
where * is the optimum of that maximizes ( ). Since * = * − , the above result can be obtained immediately.
Proposition 4 shows that the retailer's optimal ordering policy is of base stock type in the framework of call option contracts. It is significant to highlight that the optimal base stock level * stands for the retailer's inventory level to be raised after the initial firm order has been received in period . As shown in Proposition 4, with call option contracts the retailer operates her optimal ordering strategy as follows. In each period , before stochastic demand has been observed, if the retailer's starting inventory is at or below * , the retailer should guarantee her inventory level raised up to * when the initial firm order has been received; otherwise, the retailer's inventory level is still maintained at her original state. The property of the threshold * is given as follows.
Corollary 5. For all = 1, . . . , , (1) * is increasing in and ; (2)
* is increasing in * .
Proof. In part (1), according to (13) , ( ) is supermodular with respect to and . Thus, * is an increasing function of . In addition, ( ) is also supermodular with respect to and . Thus, * is an increasing function of . Part (2) can be proved in the same approach. Here, we omit it for simplicity.
Corollary 5 shows that a higher option and/or exercise price in period will induce the retailer to bear higher inventory risk in that period under the call option contract arrangement. This result, combined with (1) in Corollary 2, indicates that * represents the lower bound of the retailer's minimum committed inventory in period whereas * denotes the lower bound of the retailer's maximum committed inventory in period under the call option contract arrangement. If there is a change in the option and/or exercise price, both thresholds will move towards the same direction. Moreover, this corollary states that the optimal base stock level * increases as the order-up-to level * is raised. This result is not embodied in Proposition 4. However, it indicates that the retailer's purchasing decision in each period is indeed sensitive to the supplier's production decision in that corresponding period.
Denote + as the near-optimal base stock level for the retailer as she maximizes her current expected profit while ignoring her future expected profit under the call option contract arrangement. Note that * < + . We get the following proposition. −( + ℎ − +1 ) ( ) < 0. Thus, ( ) is concave in . Then, the near-optimal threshold + is calculated from
). This inequality indicates that if the option price is too high in period , the call options order will be not placed by the retailer in that period. The cost parameters are assumed to satisfy this condition throughout this paper.
Model with Bidirectional Option Contracts
In this section, we address the multiperiod production and ordering problems for a followed supplier and a dominant retailer in the presence of bidirectional option contracts.
Supplier's Multiperiod Production Problem.
With bidirectional option contracts, the expected total discounted profit of the supplier over the entire time horizon, denoted by Π , is
In (17), − denotes the supplier's production quantity in period , − denotes the retailer's initial firm order quantity in period , and + − denotes the supplier's reservation inventory in period . Let ( ) be denoted as the supplier's profit-to-go function with bidirectional option contracts, providing his original inventory is at the beginning of period . The dynamic program for optimizing (17) can be developed as follows:
( ) is the supplier's expected profit with initial inventory in period . Define = + and = 2 − − as the new decision variables. Let ( ) = ( ) − ; the recursion equations (18) and (19) are equivalently reformulated as follows:
Based on the above analysis, Proposition 7 follows.
Proposition 7. With bidirectional option contracts, the supplier's optimal production quantity in period , denoted by
Proof. Equation (22) 
where * is the optimum of that maximizes ( ). Since * = * − − , we can derive the above result directly.
Proposition 7 shows that a base stock policy is optimal for the supplier's production in the framework of bidirectional option contracts. It is worth noting that * , namely, the optimal base stock level, denotes the system's inventory level to be raised after the goods have been manufactured in period ; at the same time, it also represents the retailer's inventory level to be raised after all the bidirectional options have been fully exercised as the call ones in period . In addition, this proposition states that the supplier can determine his decision in a particular period for the retailer's decision in that corresponding period. As shown in Proposition 7, the supplier should guarantee the system's inventory level in period to be not less than * when all the bidirectional options take effect just as the call ones in that period under the bidirectional option contract arrangement. This result, compared with Proposition 1, states that the supplier's optimal production strategy with bidirectional option contracts is similar to those with call ones. This result also suggests that there exists very slight distinction between these two different cases. The unique difference stems from the lower bound constraint of the decision variable . The property of the threshold * is given as follows.
Corollary 8.
For all = 1, . . . , , (1) * is increasing in and ; (2) * is increasing in .
Proof. In part (1), (21) means that ( ) is supermodular with respect to and . Thus, * is an increasing function of . In addition, ( ) is also supermodular with respect to and . Thus, * is an increasing function of . Part (2) can be proved in the same approach. Here, we omit it for simplicity.
Corollary 8 shows that a higher option price and/or wholesale price in period will motivate both the system and the retailer to raise the service level in that period under the bidirectional option contract arrangement. In addition, this corollary states that the optimal base stock level * increases as the order-up-to level is raised. This result, compared with Proposition 7, states that the sensitivity of the supplier's decision in each period is dependent on the retailer's decision in the corresponding period from another perspective.
Denote + as the near-optimal base stock level for the supplier as he maximizes his current expected profit while ignoring his future expected profit under the bidirectional option contract arrangement. Note that * < + . Then, we get the following proposition.
Proposition 9.
For all = 1, . . . , ,
Proof. Rearranging (22) yields
Solving the first and second order derivatives of ( )
In addition to confirming the validity of Corollary 2, Proposition 9 shows that as the subsequent production cost increases, the supplier's current near-optimal base stock level will increase in the presence of bidirectional option contracts. In addition, this proposition indicates that as the period goes by, the supplier's near-optimal base stock policy can remain optimal under the condition of + ≤ . Finally, this result, compared with Proposition 3, states that the analytic expressions for the supplier's near-optimal production policy is more complex with bidirectional option contracts than with call ones.
Retailer's Multiperiod Ordering Problem.
With bidirectional option contracts, the expected total discounted profit of the retailer over the finite time horizon, denoted by Π , is
In (25), ( * + )/2 − denotes the retailer's initial firm order quantity in period and ( * − )/2 denotes the supplier's reservation inventory, as the retailer's options order quantity, in period . Let ( ) be denoted as the retailer's profit-to-go function with bidirectional option contracts, providing her original inventory is at the beginning of period . The dynamic program for optimizing (25) can be developed as follows:
Let
( ) = ( ) − ; the following recursion equals (26) and (27):
Based on the above analysis, Proposition 10 follows.
Proposition 1 .
With bidirectional option contracts, the retailer's optimal initial firm order quantity in period , denoted by
Proof. Equation (30) 
where * is the optimum of that maximizes ( ). Since * = ( * + * )/2 − , this above result can be obtained immediately.
Proposition 10 shows that the retailer's optimal ordering policy is of base stock type in the framework of bidirectional option contracts. It is important to highlight that the optimal base stock level * denotes the retailer's inventory level to be raised after all the bidirectional options have been fully exercised as the put ones in period . In addition, this proposition states that the retailer can characterize her purchasing decision in period based on the specific supplier's production decision in that period.
As shown in Proposition 10, the retailer should guarantee the retailer's inventory level in period to be not less than * when all the bidirectional options take effect just as the put ones in that period under the bidirectional option contract arrangement. This result, compared with Proposition 4, suggests that the retailer's optimal ordering strategies with bidirectional option contracts are similar to those with call ones. This result also suggests that there exists very slight distinction between these two different cases. The unique difference stems from the lower bound constraint of the decision variable . The property of the threshold * is given as follows.
Corollary 11.
For all = 1, . . . , , (1) * is increasing in and decreasing in ; (2) * is increasing in * .
Proof. In part (1), (29) means that ( ) is supermodular with respect to and . Thus, * is an increasing function of . In addition, ( ) is submodular with respect to and . Thus, * is an decreasing function of . Part (2) can be proved in the same approach. Here, we omit it for simplicity.
Corollary 11 shows that a higher option price in period will cause the retailer to undertake higher inventory risk in that period under the bidirectional option contract arrangement. However, as the wholesale price increases in period , the retailer will undertake lower inventory risk in that period under the bidirectional option contract arrangement. This result, combined with (1) in Corollary 8, indicates that * denotes the lower bound of the retailer's minimum committed inventory in period whereas * represents that of the retailer's maximum committed inventory in period under the bidirectional contract arrangement. Apparently, if there is a change in the option price, both thresholds will move towards the same direction; if there is a change in the wholesale price, they move towards an opposite direction. Moreover, this corollary states that the optimal base stock level * increases as the order-upto level * is raised. It indicates that the sensitivity of the retailer's purchasing decision in each period depends on the supplier's production decision in the corresponding period.
Denote + as the near-optimal base stock level for the retailer as she maximizes her current expected profit while ignoring her future expected profit under the bidirectional option contract arrangement. Note that * < + . We get the following proposition.
Proposition 12.
Proof. Rearranging (30) yields
Solving the first and second order derivatives of
concave in . Then, the near-optimal threshold + is calculated from
Note that
). This inequality indicates that if the option price is too high in period , the bidirectional options order will not be placed by the retailer in that period. The cost parameters throughout this section are assumed to satisfy this condition.
Discussion
In this section, we illustrate the impact of different option contracts and the impact of demand risk on the decisions and performances of both partners.
Comparisons on Both Partners' Decisions.
We first explore the impact of different option contracts on both partners' optimal policies. Considering the relationships between the order-up-to levels with call and bidirectional option contracts, we get the following proposition. Proposition 13 shows the impact of different options contracts on the upper near-optimal base stock level and the lower one. If there exist no differences on the price parameters of different option contracts in period , the service levels of both the system and the retailer are greater with call option contracts than with bidirectional ones in that period; at the same time, the retailer's inventory risk is lower with bidirectional option contracts than with call ones in that period. Interestingly, if all the parameters are stationary over all periods, the near-optimal policy is optimal for the optimization problem of an arbitrary partner. In this case, the optimal base stock level for an arbitrary partner is always higher with call option contracts than with bidirectional ones.
Comparisons on Both
Partners' Performances. We conduct sensitivity analysis to illustrate the impact of different option contracts on both partners' performances. We focus on the stationary equilibrium solutions and assume that = , = , = , = , = , and so on, and is generated by the same Normal distribution; that is, ∼ ( , 2 ). In addition, the starting inventory levels of both partners are zero at the beginning of the first period. Throughout this numerical study, partial parameters are kept constant and we set = 50, = 100, = 0.75, = 10, = 12, = 6, = 3, and ℎ = 1.2. The specific values of other parameters are changed to describe the objective problem.
We first analyze the effect of the option price on the maximum expected total discounted profits of both partners. We set = = 5.5 and = 15. By changing the value of the option price, we get the results shown in Figure 1 .
Several interesting observations can be obtained from Figure 1 . (1) Whether concerning call or bidirectional option contracts, an increase in the option price will improve the supplier's performance. In addition, the supplier's performance has a greater magnitude of change with call option contracts than with bidirectional ones. (2) When the price parameters are the same for different option contracts, the supplier always prefers call option contracts rather than bidirectional ones. (3) An increase in the option price brings different outcomes on the retailer's performance under the different contracts arrangements. With call option contracts, the retailer's performance is first increasing and then decreasing in the option price. However, with bidirectional option contracts, the retailer's performance is always increasing in the option price. (4) When the price parameters are the same for different option contracts, call option contracts are better for the retailer facing a low option price, while bidirectional option contracts are better for the retailer facing a high option price. (5) Due to the retailer's dominant position, call option contracts are adopted by the supply chain if the option price is low, while bidirectional option contracts are adopted by the supply chain if the option price is high. Obviously, the option price plays a crucial role for the retailer-led supply chain to select the appropriate option contract types. We subsequently explore the effect of the exercise price on the maximum expected total discounted profits of both members. We set = = 1.5 and = 15. By changing the value of the exercise price, we get the results shown in Figure 2 . Several interesting results can be obtained from Figure 2 . (1) An increase in the exercise price brings different outcomes to the supplier's performances under the different contracts arrangements. With call option contracts, the supplier's performance is always increasing in the exercise price. However, with bidirectional option contracts, the supplier's performance is first increasing and then decreasing slightly in the exercise price. In addition, the supplier's performance has a greater magnitude of change with call option contracts than with bidirectional ones. (2) When the price parameters are the same for different option contracts, the supplier always prefers call option contracts rather than bidirectional ones. if the exercise price is low, while call option contracts are adopted by the supply chain if the exercise price is high. Obviously, the exercise price plays a crucial role for the retailer-led supply chain to select the appropriate option contract format. Combining the above analysis, the following remark can be obtained.
Remark 1.
If the parameters are the same for different option contracts, the retailer-led supply chain prefers call option contracts when the option (exercise) price is low (high), while enjoying bidirectional option contracts when the exercise (option) price is low (high).
The supplier, as the follower, always prefers call option contracts. However, call option contracts cannot always benefit the retailer, as the leader. Remark 1 suggests that the option contract parameters are the crucial factors based on which the retailer-led supply chain ultimately decides whether to adopt call or bidirectional option contracts.
The Effect of Demand Risk.
We conduct a numerical example to investigate the impact of demand risk (valued by the standard deviation of the demand). Similar to Section 6.2, we also focus on the stationary equilibrium solutions with zero initial inventory in the first period. We set = 50, = 100, = 0.75, = 10, = 12, = 6, = = 1.5, = = 5.5, = 3, and ℎ = 1.2. By changing the size of , we get the results shown in Figure 3 .
Several interesting findings can be obtained from Figure 3 . (1) Whether concerning call or bidirectional option contracts, the supplier's optimal production quantity is always increasing in the demand risk. In addition, the optimal production quantity has a greater magnitude of change with call option contracts than with bidirectional ones. (2) Whether concerning call or bidirectional option contracts, the retailer's optimal initial firm order quantity is always decreasing in the demand risk. In addition, the optimal initial firm order quantity has a greater magnitude of change with bidirectional option contracts than with call ones. (3) An increase in the demand risk brings different outcomes to the supplier's performances under different contracts arrangements. With call option contract, the demand risk has a positive effect on the supplier's performance. With bidirectional option contracts, the demand risk has a negative effect on the supplier's performance. (4) An increase in the demand risk will weaken the retailer's performance, either with call or bidirectional option contracts. In addition, the retailer's performance has a slightly greater magnitude of change with call option contracts than with bidirectional ones.
Combining the above analysis, the following remark can be obtained.
Remark 2.
As the demand risk increases, the supplier will enhance his production quantity while the retailer will place a smaller initial firm order, either with call or bidirectional option contracts.
Remark 2 suggests that the decisions and performances of two members in the retailer-led supply chain are influenced by the demand risk, either with call or bidirectional option contracts. In addition, the different level of the demand risk brings different outcomes. Thus, it is urgent to observe whether the demand risk is high or low. Establishing a risk detection mechanism is an important thing for the supply chain members.
Conclusions and Further Research
Due to high variation in the market demand, along with the underlying multiperiod structure, it is a big challenge for the retailer-led supply chain to keep a proper balance between supply and demand. This situation is bound to influence the daily operation of the members in the retailer-led supply chain. For the dominant retailer, she should respond flexibly to fluctuating demand even after the order has been placed. For the followed supplier, he should find relief from the great pressure associated with over-and underproduction. Option contracts, as efficient risk hedging, provide the dominant retailer with a certain degree of ordering flexibility; at the same time, they offer tangible benefits to the followed supplier in advance. It is high necessary to introduce this contract mechanism to improve the collaboration between the members in the retailer-led supply chain. This research develops the multiperiod retailer-Stackelberg game models for a retailer-led supply chain with call and bidirectional option contracts, respectively. Based on stochastic dynamic programming, we analyze the optimal policy structures for two members in each period. Meanwhile, we evaluate the corresponding policy parameters via an approximation algorithm. Then, the impacts of different option contracts and demand risk are discussed though a numerical study. The main results are as follows:
(1) A base stock policy is optimal for the followed supplier's production in each period, either with call or bidirectional option contracts. In addition, the dominant retailer's ordering is of base stock type in each period, either with call or bidirectional option contracts.
(2) If the parameters are the same for different option contracts, the service levels of both the system and the retailer are higher with call option contracts than with bidirectional ones, while the retailer's inventory risk is lower with bidirectional option contracts than with call ones.
(3) If the parameters are the same for different option contracts, call option contracts can always benefit the supplier, but not the retailer. Thus, the retailer-led supply chain prefers call option contracts when the option (exercise) price is low (high), while enjoying bidirectional option contracts when the exercise (option) price is low (high).
(4) Whether concerning call or bidirectional option contracts, an increase in the demand risk would prompt the supplier to enhance his production quantity while inducing the retailer to place a smaller initial firm order. This paper provides several important managerial insights as follows: First, we derive the followed supplier's optimal production policy and the dominant retailer's optimal ordering policy in a multiperiod setting. These conclusions can help the supply chain firms make the rational decisions to maximize their expected total discounted profits over multiple periods. Moreover, we investigate the impact of call and bidirectional option contracts on the decisions and performances of two members in a multiperiod setting. These conclusions can help the supply chain firms rationally choose the appropriate option contract format to improve their operational performance and scientifically design the option contract parameters in a multiperiod setting. Finally, we explore the impact of demand risk on the decisions and performances of two members in a multiperiod setting. These conclusions can help the supply chain firms establish a regularized mechanism to observe and analyze the market environment.
Some unaddressed questions have been left for future research. A common supply chain structure consisting of one supplier and one retailer is considered in our paper. In real practice, a supply chain comprises multiple suppliers or multiple retailers, where the supply chain firms at the same level are often in coopetition. Thus, more sophisticated structure can be considered in the future. In addition, a supply chain has usually subjected to multiple source risks in the rapidly changing market environment. Our study only considers the variation in demand and neglects the impacts of other factors. Therefore, more complex scenario can be considered in the future. Our study considers the retailerled supply chain; other market power supply chains, such as manufacturer-led supply chain [41, 42] or vertical Nash supply chain [49] , can be taken into consideration in the future. Finally, there is only one decision variable in our model. As the dimensions of the problem increase, more intricate multiperiod models are formulated. Thereby, more efficient algorithms need to be provided in the future.
Notations
Parameters : Stochastic demand in period , whose cumulative distribution function, probability density function, and expected value are (⋅), (⋅), and : Unit retail price in period : Unit wholesale price in period :
Unit production cost in period :
Unit option price in period :
Unit exercise price in period : Unit backlogging cost in period ℎ : Unitholdingcostinperiod 
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